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Abstract 
During path planning, it is necessary to satisfy the requirements of multiple objectives. Multi-objective synthesis is based on 
the need of flight mission and subjectivity inclination of decision-maker. The decision-maker, however, has illegibility for under-
standing the requirements of multiple objectives and the subjectivity inclination. It is important to develop a reasonable cost 
performance index for describing the illegibility of the decision-maker in multi-objective path planning. Based on Voronoi dia-
gram method for the path planning, this paper studies the synthesis method of the multi-objective cost performance index. Ac-
cording to the application of the cost performance index to the path planning based on Voronoi diagram method, this paper ana-
lyzes the cost performance index which has been referred to at present. The analysis shows the insufficiency of the cost per-
formance index at present, i.e., it is difficult to synthesize sub-objective functions because of the great disparity of the 
sub-objective functions. Thus, a new approach is developed to optimize the cost performance index with the multi-objective 
fuzzy optimization strategy, and an improved performance index is established, which could coordinate the weight conflict of the 
sub-objective functions. Finally, the experimental result shows the effectiveness of the proposed approach. 
Keywords: flight paths; path planning; cost performance index; synthesis of multi-objective; fuzzy inference; Voronoi diagram  
1. Introduction* 
Aircraft path planning is to find an optimal or 
sub-optimal flight path to an intended target in the 
planning area according to mission requirements, threat 
distribution, aircraft performance and fuel restrictions. 
It is a multi-objective planning problem. Multiple obj- 
ective means that fuel consumption and threat costs 
are included in objective function. Some constraints 
should be considered in multi-objective planning 
problem, such as aircraft performance, the mission 
environment, etc. 
It is difficult to find a multi-objective synthesis 
method in aircraft path planning. The key is to consider 
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both mission requirements and subjectivity inclination 
of decision-maker reasonably. At present, to find an 
optimal flight path, the radar threat field based on Vo-
ronoi diagram method should be created firstly, then 
the cost performance index according to the cost of 
radar threat and fuel restrictions will be founded, and 
the optimal flight path will be got by using search 
method [1-6]. The existing multi-objective synthesis 
method in aircraft path planning is weighting fuel 
consumption, threat costs, etc. Because different 
sub-objectives represent different physical meanings, 
and their values have different magnitude, they can 
not be compared directly. This also results in diffi- 
culty in inclination of decision-maker objectively— 
less fuel consumption or less threat costs—by using a 
simple weight coefficient. A weight relation must be 
resolved firstly in flight path planning, which should 
reflect both inclinations of decision-maker and mis-
sion requirements objectively. 
Because the relationship between threat cost 
index and distance from radar is nonlinear and the Open access under CC BY-NC-ND license.
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value gap between fuel consumption index and 
threat cost index is big, the multi-objective fuzzy 
optimization method is proposed to solve this problem 
based on an example and the result of data analysis. 
2. Description and Analysis of Path Planning 
The major steps of path planning method based on 
Voronoi diagram are using radar distribution center 
to construct threat Voronoi diagram based on the 
known distribution of the radar firstly. Then, path 
performance indices are created by using the cost of 
radar threat and fuel restrictions, and an initial path 
is found by searching that diagram. The correct 
search method should be chosen to meet the path 
performance indices which are previously deter-
mined. Finally, the tactical flight path is given by 
smoothing initial path considering aircraft perform-
ance constraints. Therefore, the initial path is the 
precondition of tactical flight path, and whether the 
initial path is optimal or not depends on the rational-
ity of path performance indices. 
2.1. Region modeling of radar threats 
There are 30 radars in a selected 500 km×500 km 
high threat space region. All these radars have the 
same power. In other words, all the radars have the 
same detection radius. The initial path can be ob-
tained using Voronoi diagram rules. 
For any n points on a plane, connecting adjacent 
points together will yield triangles. The triangle per-
pendicular bisector of each side will form a polygon 
which surrounds the point. This polygon is called 
Voronoi polygon, and all Voronoi polygons construct 
Voronoi diagram.  
In this example, the point is where the radar lo-
cates at. The line in Voronoi diagram is the perpen-
dicular bisector of any couple radar points. The line 
has a property that all the points on the line have the 
largest distance to all radars. According to this fea-
ture, aircraft should fly in accordance with the Vo-
ronoi polygon if people want to get lower radar de-
tection probability. 
According to the knowledge of geometry, Voronoi 
diagram is created. As shown in Fig. 1, the point is 
radar. S is the start position, and T the target position. 
Point A and Point B are the nearest vertices of Vo-
ronoi polygon to Points S and T. The initial path 
planning can be finished when the optimal path from 
Point A to Point B is found. 
2.2. Synthesis of multi-objective 
The cost of each Voronoi diagram edge is deter- 
mined by using the method shown in Refs. [3]-[5]. The 
cost includes two parts: radar threat and fuel restric-
tions. 
 
Fig. 1  Radar threat region modeling with Voronoi diagram. 
2.2.1 Cost of radar threat 
Assume that the aircraft has the same average radar 
cross section (RCS), the intensity of the aircraft radar 
echo is inversely proportional to the fourth power of 
the distance from aircraft to radar. When each edge is 
divided into six segments equally, as shown in Fig. 2, 
the cost of 3 points of 6 (1/6, 3/6, 5/6) can be calcu-
lated. The average cost of these 3 points stands for the 
entire cost of the edge. It is assumed that radar num-
ber in research region is N and the effect of radar 
network is ignored. Then the radar threat cost on each 
edge about all radars in that region is as follows:  
threat ,
1
4 4 4
1/ 6, , 3/ 6, , 5 / 6,
1 1 1 1
3
N
i i
j i j i j ij
LJ
d d d=
= ⎛ ⎞⎜ ⎟+ +⎜ ⎟⎝ ⎠
∑    (1) 
where Jthreat, i is the radar threat cost of edge i, iL the 
length of edge i, and d the distance from the point of 
edge i to the radar j. 
 
Fig. 2  Radar threat cost calculation. 
2.2.2 Cost of fuel restrictions 
Aircraft fuel consumption is proportional to the 
length of the flight path when its velocity is constant. 
As the aircraft flies along the edges, the cost of fuel 
restriction is as follows: 
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 fuel,i iJ L=  (2) 
2.3. Path search method 
The final path is found by using heuristic A* search 
method with the radar threat field model built in Sec-
tion 2.1 and flight path performance index [7] in Section 
2.2. The heuristic A* search method which has wide 
adaptability can choose the appropriate heuristic func-
tion according to the scale of nodes to be expanded. 
The optimal or sub-optimal flight path can be deter-
mined by heuristic A* search method, which can im-
prove search efficiency by finding the most promising 
node and judging the search direction.  
In the heuristic A* search method, the importance of 
different nodes are described by evaluation function as  
f g h( ) ( ) ( )J x J x J x= +           (3) 
where Jf (x) is the cost evaluation of the optimal path 
from starting point S to target T, passing node x; Jg(x) 
is the actual cost from S to x, and Jh(x) is the cost 
evaluation of the optimal path from x to T, which is 
called heuristic function. In this paper, the heuristic 
function is set to 0 to ensure that a global optimal flight 
path can be obtained. 
2.4. Multi-objective path planning problem 
The fuel and radar threat costs should be consi- 
dered when calculating Jg(x). If the weight is taken 
simply, the total cost of any edge [8] is as follows: 
fuel, threat ,(1 )i i iJ kJ k J= + −          (4) 
where k is the fuel cost weight and varies from 0 to 1.0. 
k is a compromise between fuel restrictions and radar 
threat, which can reflect particular preference of deci-
sion-maker to a target effectively. The performance 
index of the whole path is the total cost of all the edges 
along the route: 
1
min
n
i
i
J J
=
⎛ ⎞= ⎜ ⎟⎝ ⎠∑              (5) 
where J is the total cost. Optimal flight path is the path 
which has the minimum value of performance index. 
2.5. Multi-objective analysis for path planning 
Select different values of k, the corresponding initial 
planning paths are calculated, and the corresponding 
total cost of fuel restrictions and radar restriction J can 
also be calculated (see Table 1). 
The calculated results are plotted shown in Fig. 3. 
The value of fuel cost weight k can reflect particular 
preference of decision-maker to a target, but actually it 
cannot reflect this characteristic directly. The reason is 
as follows. 
Table 1  Total cost vs fuel weight 
k J 
0 0.000 15 
0.1 3.30 
0.5 16.4 
1.0 32.98 
 
Fig. 3  Initial paths of different values of fuel cost weight k. 
As shown in Fig. 3, k = 0 means that the cost of the 
radar threat of a weight is 1.0, which reflects the safety 
and ensures that aircraft flies with minimal exposure to 
radar. The result of planned path which avoids the 
dense areas of radar obviously is reasonable.  
k=1.0 means that only fuel cost is considered, and 
the planned path has minimal fuel consumption. Be-
cause the cost of fuel is calculated by flight range, the 
planned path should be the shortest path from starting 
point to target. The result is reasonable too, shown in 
Fig. 3. 
The optimal path is the same when k = 0.1 or k = 0.5. 
It is verified that for any value of k in the range 0.1-1.0, 
the resulting path remains unchanged. In other words, 
no matter how fuel cost weight k changes from 0.1 to 
1.0, the planned path is always the shortest path which 
is the same as the one calculated by considering fuel 
cost only. Thus, it can be concluded that fuel cost has a 
full impact on performance index. 
In Table 1, as k=0, the total cost J only indicates the 
cost of radar threat apparently; as k=1.0, the total cost J 
represents the cost of fuel only. There are five orders of 
magnitude between these data. Because the cost radar 
threat is much smaller than that of fuel,  k changing 
from 0.1 to 1.0 does not affect planning results. The 
value of k cannot reflect particular preference of deci-
sion-maker to a target directly, which is the shortcom-
ing of the previously mentioned index. This shortcom-
ing causes the fact that the multi-objective synthesis by 
using k cannot directly reflect the mission requirements 
and decision-maker’s will. 
How does this happen? Consider Eq. (1), the cost of 
radar threat is inversely proportional to the fourth 
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power of the distance. When the radar distribution is 
very intensive, the cost of radar threat will be large, 
and its impact on the performance index may be bal-
anced with the cost of fuel, so the result of planned 
path is reasonable. However, for the more sparse dis-
tribution of the radar, the value of radar threat cost is 
very small, and it is meaningless to use k∈(0,1.0) to 
compromise the fuel and radar threats. Obviously, it is 
of a big limitation to use this performance index di-
rectly on flight path planning. 
3. Multi-objective Fuzzy Optimization Method 
To make the performance index of flight path plan-
ning more common and the selected weight reflect the 
particular preference of decision-maker, a new mul-
ti-objective fuzzy optimization method is proposed to 
get the weight relationship among sub-objective and 
create fuzzy synthesis performance index. 
3.1. Description of fuzzy optimization 
Synthesis of multi-objective is based on flight mis-
sion requirements and subjectivity inclination of deci-
sion-maker. However, the decision-makers have illegi-
bility for understanding the requirements of multiple 
objectives and the subjectivity inclination. At the same 
time, the performance index of flight path planning 
needs to coordinate many conflicts among sub-objec- 
tives. Multi-objective fuzzy optimization method fits 
for solving this kind of problem.  
The method is to coordinate the contradictory rela-
tionship among the various objectives and to fully con-
sider degree of optimization satisfaction of each objec-
tive by using methods of fuzzy mathematics [9]. The 
method gives the weight relationship among multiple 
objectives and provides the reasonable multi-objective 
fuzzy optimization performance index. 
The form of objective function depends on fuzzy 
membership function [10]. For any x U∈ in the fuzzy 
set A% on universe U, a corresponding value ( )A xμ % is 
assigned. The mapping relationship is established be-
tween elements of x and fuzzy set A% , as follows: 
~ : [0,1]A Uμ →  
~ ( )Ax xμa                (6) 
where
~
( )A xμ is the membership function and its values 
are distributed in [0,1]. The value of ~( )A xμ is called 
membership degree, which reflects the subordinate 
degree about elements x to fuzzy set .~A When x belongs 
to real domain, membership function ~ ( ),A xμ  x∈R is 
called fuzzy distribution. 
Considering performance index established by syn-
thesizing the cost of fuel and the cost of radar threat, 
the optimization is performed by using the fuzzy dis-
tribution function shown in Eq. (7). 
The physical meaning is that for a single objective 
function f (x), there is a maximum cost of value M and 
a minimum cost of value m, and the membership func-
tion of objective cost ( )f xμ is obtained after being 
normalized: 
0 ( )
( )( ) ( )
1 ( )
f
f x m
f x mx m f x M
M m
f x M
μ
≤⎧⎪ −⎪= < <⎨ −⎪ ≥⎪⎩
               
       
               
    (7) 
3.2. Multi-objective fuzzy optimization performance 
index 
Solving the membership function about radar threat 
cost and fuel cost by using fuzzy distribution function, 
the important thing is to determine the maximum and 
the minimum cost values of each objective function. 
3.2.1 Fuel consumption objective membership degree 
For the fuel consumption objective function, the fuel 
cost of any edge in Voronoi diagram is fuel,i iJ L= . 
Taking the maximum and minimum length of the Vo-
ronoi diagram of all edges as fuel cost value M and m, 
the membership degree of fuel cost of any edge fuel,iμ  
can be calculated by Eq. (7). 
3.2.2 Radar threat objective membership degree 
For the radar threat objective function, the values of 
M and m cannot be chosen from the maximum and 
minimum threat values of the Voronoi diagram of all 
edges directly. The reasons are as follows: 
1) Because of the generally uneven density of radar 
threats, the threat cost of the edge in Voronoi diagram 
has a great difference between high density and low 
density of radar distribution. Because the fourth  
power  relationship will magnify or minify the dis-
tance many times, the result may even has a few orders 
of magnitude difference. This calculated membership 
degree is not in accordance with the statistics law, so 
the cost of each edge of the radar cannot be reasonably 
allocated. 
2) In some cases, the edge in Voronoi diagram in the 
actual field which has the maximum or higher value of  
threat cost is very dangerous and should not be chosen 
for actual flight path, because it is likely to be com-
pletely within the radar detection range and the prob-
ability of detection is likely to be more than 90%. 
Therefore, the M and m of radar threat cost should 
be chosen according to the actual radar detection 
model [11-12]. Because the cost of membership degree is 
fuzzy optimization, it is reasonable to establish a sim-
plified model of the radar detection, as shown in 
Eq. (8): 
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1
4
P
R
σ⎛ ⎞∝ ⎜ ⎟⎝ ⎠                (8) 
where P is echo intensity,σ the aircraft RCS, and R the 
distance between the aircraft and radar. 
Assume the radar system is composed of the same 
radars in the following example. Each radar has the 
following performance parameter: for a target σ =10 
dBm2, when the false alarm probability is 1.0×10-6 
and detection probability 90%-10%, the radar detection 
range is 40-250 km. 
The RCS of aircraft is 0.3 dBm2 in the example. The 
radar detection range is 16.6-104.0 km calculated from 
Eq. (8) when detection probability is 90%-10%. If the 
distance between the aircraft and radar is more than 
104.0 km, the probability of being detected is 0, and 
radar threat cost is taken as 0; if R is less than 16.6 km, 
the probability of being detected is 1. It means that 
those edges cannot be chosen as flight path and those 
edges are not available for calculating radar threat 
costs. The maximum and minimum values of radar 
threat costs of flight path in Voronoi diagram are taken 
as M and m. M and m of the radar threat cost can be 
calculated from Eq. (1). The results are M=1/154 and 
m=1/1 004. 
Membership degree of radar threat cost of any edge 
threat,iμ in Voronoi diagram can be calculated with 
Eq. (7). Now membership degree of both fuel con-
sumption cost and radar threat cost can be calculated. 
In summary, flight path performance index proposed 
based on membership function is shown as follows: 
fuel, threat,
1
min (1 )
n
i i
i
J k kμ μ
=
⎡ ⎤= + −⎣ ⎦∑       (9) 
Substitute J in Eq. (9) for Jg (x) in Eq. (3) when sear- 
ching optimal path by using fuzzy optimization per-
formance index. 
4. Result Analysis of Fuzzy Optimization Path 
Planning 
Using fuzzy optimization performance index, the 
planning path is calculated by selecting four different 
weight values in Table 1, as shown Figs. 4-5. 
As the fuel cost weight k increases from 0 to 1.0, in-
dicating the emphasis of radar threat is in descending 
and that emphasis of fuel consumption is on increase, 
the path curve should move from the radar sparse re-
gion to the shortest path. As Fig. 3 shows, the curves of 
regular multi-objective path are coincident as k cha- 
nges from 0.1 to 1.0. But Figs. 4-5 show, the curves of 
fuzzy optimization method moved from left to right. In 
other words, the initial path moves from the radar  
sparse region to the shortest path. The result shows that 
the change of k has an impact on path planning, and the 
result of path planning is reasonable. This also verifies 
the validity fuzzy optimization method. 
 
Fig. 4   Initial path of fuel cost weights k=0, 0.5. 
 
Fig. 5  Initial path of fuel cost weights k=0.1, 1.0. 
5. Conclusions 
1) A multi-objective fuzzy optimization performance 
index is created by taking the costs of fuel and radar 
threat as goals of flight path planning. Fuel weight cost 
k in the performance index expression can represent 
the subjectivity inclination of decision-maker directly. 
2) The fuzzy optimization flight path planning me-
thod is proposed based on fuzzy optimization theory. 
The method can solve the index weight problem effec-
tively in flight path planning, as these indices have 
different physical meanings and large value gap, such 
as fuel consumption cost and radar threat cost. The 
result of example shows that the fuzzy optimization 
method can better represent the subjectivity inclination 
of decision-maker and gives the reasonable flight path. 
Although the method is introduced by the synthesis of 
two objectives of fuel cost and radar threat cost, the 
proposed method can be applied to the synthesis of 
more than two objectives in flight path planning. 
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